
Abstract

Noise sensitivity was first introduced by Benjamini, Kalai and
Schramm in their seminal work on Boolean functions. We
propose a construction of a similar taste on binary relations.
By flipping every relation with a small probability p, a natural
question on recoverability arises, to which we give a positive
answer in the case of an equivalence relation (X,∼). We prove
that equivalence relations are noise-stable under the prescribed
model. In particular, we propose a simple reconstruction
algorithm, and show that it achieves an asymptotically zero
misclassification error.
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On Boolean Functions

Set f to be a boolean function, and take

• x− string of n−bits
• x̃ disagrees with x on the ith bit with probability p.

Goal. Quantify noise−induced perturbations to the output.�

Example (Parity). f(x) =
∑n

i=1 xi mod 2.If k is the count of

flips, then f(x̃) ̸= f(x) implies k = 1 mod 2, with probability

n∑
k=1

(
n

k

)
pk(1− p)n−k =

(1− (1− 2p))n

2

Example (Majority). Set f(x) =

{
1 if

∑n
i=1 xi >

n
2

0 otherwise
. If k0, k1

are the counts of 0−flips and 1−flips respectively, then
f(x̃) = f(x)− k1 + k0 and

f(x̃) ̸= f(x) ⇐⇒ |k0 − k1| > |f(x)− n

2
|

�Benjamini, Kalai, Schramm [1] introduced noise sensitivity.
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Noise Sensitivity

Some conclusions,

• Parity is asymptotically noise-sensitive

• Majority is asymptotically noise-stable

In the same spirit, let ∼ be a binary relation on X, and set p = O(1/n).

NS(∼) := inf
A

P[A(∼′) ̸= (∼)]

Then,

Definition (On Binary Relations). Define

L := lim
|X|→∞

NS(∼).

1. If L = 0, then ∼ is noise stable.

2. If L ∈ (0, 1), and ∼ is not noise stable, then ∼ is noise insensitive.

3. If L = 1, then ∼ is noise sensitive.
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Rules of the Game

Let (X,∼) equivalence relation of size n, with k equivalence classes, each of
size nα.

Example (n = 20, k = 2). Here, |X1| = 9 and |X2| = 11.

1
3

6

7

1113

14

17

20
2

4

5

8

9
1012

15

16

18

19

Setup. Inner connectivity, outer isolation.
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Apply noise...

Flip every relation with probability p(n),

Example (n = 20, k = 2). Choosing p = 1
20 gives

1
3

6

7

1113

14

17

20
2

4

5

8

9
1012

15

16

18

19

Question. What happened?
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The Stochastic Model

Definition (Noisy Equivalence Relation). Let
Xij = Xji be a Bernoulli random variable with parameter p. Set

i ∼′ j ⇐⇒

{
i ∼ j ∧ Xij = 0 (1)

i ̸∼ j ∧ Xij = 1 (2)

1. If i ∼ j, then i stays connected to j with probability 1− p.

2. Otherwise, i ̸∼ j and a flip with probability p is required.

Removals
Additions

1
3

6

7

1113

14

17

20
2

4

5

8

9
1012

15

16

18

19

Question.Can we recover ∼?
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A Proposal

Let us attempt to quantify transitivity.

Definition (Score). Define

s(i, j) = |{w ̸= i, j : i ∼ w ∧ w ∼ j}|

to be the count of neighbours w that witness the relation of i, j.

Remarks

• i, j ∈ Xα =⇒ s(i, j) = nα − 2

• i ̸∼ j =⇒ s(i, j) = 0

Definition (Score Matrix). Stores s(i, j) in entry i, j.

SX :=


s(1, 1) s(1, 2) . . . s(1, n)
s(2, 1) s(2, 2) . . . s(2, n)

... . . .
. . .

...
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Quantifying Transitivity

Example (Equivalence Relation). s(3, 6) = 7, s(3, 2) = 0.

1
3

6

7

1113

14

17

20
2

4

5

8

9
1012

15

16

18

19



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

8 0 7 0 0 7 7 0 0 0 7 0 7 7 0 0 7 0 0 7
0 10 0 9 9 0 0 9 9 9 0 9 0 0 9 9 0 9 9 0
7 0 8 0 0 7 7 0 0 0 7 0 7 7 0 0 7 0 0 7
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...


| 1
| 2
| 3
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Quantifying Transitivity

Example (Noisy Equivalence Relation, p = 1/20).

• s(2, 3) = 0 • s(3, 4) = 2 • s(4, 2) = 9
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...
...
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| 2
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Observation. Visible gap between same-class & different-class scores.
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Visible gap between same-class & different-class scores.
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Experiment

Question.

Is this a global phenomena?

Example (Noisy Equivalence Relation, p = 1/20).



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

7 1 6 1 0 6 6 0 0 0 6 0 6 7 1 0 6 0 1 6
1 11 0 9 9 3 1 9 9 9 1 8 1 4 9 9 2 8 9 1
6 0 9 2 1 7 7 2 1 1 7 1 7 6 3 1 7 1 3 7
1 9 2 11 9 1 1 9 9 9 1 8 1 4 9 9 2 8 10 1
0 9 1 9 10 2 0 9 9 9 0 8 0 3 9 9 1 8 9 0
6 3 7 1 2 10 7 3 2 2 7 2 7 7 4 2 7 2 2 7
6 1 7 1 0 7 8 1 0 0 7 0 7 6 2 0 7 0 2 7
0 9 2 9 9 3 1 11 9 9 1 8 1 2 10 9 2 8 10 1
0 9 1 9 9 2 0 9 10 9 0 8 0 3 9 9 1 8 9 0
0 9 1 9 9 2 0 9 9 10 0 8 0 3 9 9 1 8 9 0
6 1 7 1 0 7 7 1 0 0 8 0 7 6 2 0 7 0 2 7
0 8 1 8 8 2 0 8 8 8 0 9 0 3 8 8 1 9 8 0
6 1 7 1 0 7 7 1 0 0 7 0 8 6 2 0 7 0 2 7
7 4 6 4 3 7 6 2 3 3 6 3 6 10 3 3 7 3 3 6
1 9 3 9 9 4 2 10 9 9 2 8 2 3 12 9 1 8 10 2
0 9 1 9 9 2 0 9 9 9 0 8 0 3 9 10 1 8 9 0
6 2 7 2 1 7 7 2 1 1 7 1 7 7 1 1 9 1 3 7
0 8 1 8 8 2 0 8 8 8 0 9 0 3 8 8 1 9 8 0
1 9 3 10 9 2 2 10 9 9 2 8 2 3 10 9 3 8 12 2
6 1 7 1 0 7 7 1 0 0 7 0 7 6 2 0 7 0 2 8



| 1
| 2
| 3
| 4
| 5
| 6
| 7
| 8
| 9
| 10
| 11
| 12
| 13
| 14
| 15
| 16
| 17
| 18
| 19
| 20

Observation. Not very useful. Sort row values ascendingly.
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0 0 0 0 0 0 1 1 1 2 2 6 6 7 7 7 7 7 7 8
0 1 1 1 1 2 2 2 3 8 8 9 9 9 9 9 9 10 10 11
0 0 0 0 0 1 1 2 3 8 8 9 9 9 9 9 9 9 9 10
0 0 0 0 0 1 1 2 3 8 8 9 9 9 9 9 9 9 9 10
0 0 0 0 0 0 1 1 1 2 2 6 6 7 7 7 7 7 7 8
0 0 0 0 0 1 1 2 3 8 8 8 8 8 8 8 8 8 9 9
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1 1 2 2 2 2 3 3 4 8 8 9 9 9 9 9 9 10 10 12
0 0 0 0 0 1 1 2 3 8 8 9 9 9 9 9 9 9 9 10
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0 0 0 0 0 1 1 2 3 8 8 8 8 8 8 8 8 8 9 9
1 2 2 2 2 2 3 3 3 8 8 9 9 9 9 9 10 10 10 12
0 0 0 0 0 0 1 1 1 2 2 6 6 7 7 7 7 7 7 8



| 1
| 2
| 3
| 4
| 5
| 6
| 7
| 8
| 9
| 10
| 11
| 12
| 13
| 14
| 15
| 16
| 17
| 18
| 19
| 20

Observation. There is a global phenomena!
Formalism. What is the expected score gap?
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Expected in-Score

Fix x ∈ Xi. If x ∼ i, then

s̃(x, i) =

Inter−connections︷ ︸︸ ︷∑
w∈Xi\{x,i}

(1−Xxw) · (1−Xwi)+
∑

w/∈Xi

Xxw ·Xwi︸ ︷︷ ︸
Intra−connections

X
w
i
=

0

Xxw
=
0

Xwi = 1

Xxw
= 1

i

x

w

w

Implication. The expected in-score is of order O(ni).
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Expected out-Score

If j ∈ Xj , then x ̸∼ j and

s̃(x, j) =
∑

w∈Xi\{x}
(1−Xxw) ·Xwj +

∑
w∈Xj\{j}

Xxw · (1−Xwj) +
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w/∈Xi⊔Xj

Xxw ·Xwj

X
x
w
=
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X
w
j
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Xxw = 1Xwj
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Implication. The expected out-score is of order O((ni + nj) · p).
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The Expected Gap

Set ξ̂ to be the difference of s̃(x, i), s̃(x, j), that is the score gap. Then,

ξ̂ = (Xxi +Xxj − 1) ·Xij +
∑

w∈Xi\{x,i}

(1−Xxw) · (1−Xwi −Xwj)

+
∑

w∈Xj\{j}

Xxw · (Xwi +Xwj − 1)

+
∑

w/∈Xi⊔Xj

Xxw · (Xiw −Xjw).

If ξ is the expectation of ξ̂, then

ξ = (ni − 2)− (3ni + nj − 6) · p+ (2ni + 2nj − 4) · p2 = O(ni). (!)

Implication. The gap gets larger!
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Critical Question

How do we know that ξ̂out does not deviate to ξin?

(1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

7 1 6 1 0 6 6 0 0 0 6 0 6 7 1 0 6 0 1 6
)

| 1

Example (Noisy Equivalence Relation, p = 1/20).
With n1 = 9, n2 = 11 we may compute the distribution.

0 1 2 3 4 5 6 7 8 9 10

0

0.1

0.2
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Bernstein

The following concentration bound allows us to gauge large deviations
below the mean gap.

Theorem (Bernstein). Let Z1, Z2, . . . , Zn be independent
random variables, and set µ =

∑
i E [Zi] . If

• |Zi| ≤ c

• Var(Zi) ≤ σ2
i

then for Z =
∑

i Zi and σ2 =
∑

i σ
2
i one obtains

P[µ− Z ≥ t] ≤ exp

(
− t2

2σ2 + c · 2/3 · t

)
([2])

Meaning. An exponential bound on the deviation of the measured sum Z
below the expected sum.

Implication. To asymptotically bound the deviation probability to zero,
demand σ2 = o(t2).

§[2] Bernstein inequality.
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Bounding Deviations

If σ2 = o(t2), we are done.

Using earlier computations yields

Var[ξ̂] = (3ni + nj − 6) · p

+ (2n− 11ni − 5nj + 18) · p2

+ (12ni + 8nj − 2n− 20) · p3

+ (−4ni − 4nj + 8) · p4

= O((ni + nj) · p) (!)

Observation. With p = O( 1n ), we get that σ2 = O(1) is finite!
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Algorithm

Input: (X̃,∼′)

1. Compute the adjacency matrix AX̃ if not given

2. SX̃ = A2
X̃

− 2 ·AX̃ + In×n is the score matrix

3. For every x : sort row of x

4. Determine a threshold τ based on the distribution gap.

5. Cut every connection beyond the score threshold.

Example (x = 1).

(1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

7 1 6 1 0 6 6 0 0 0 6 0 6 7 1 0 6 0 1 6
)

| 1

(5 8 9 10 12 16 18 2 4 15 19 3 6 7 11 13 17 20 1 14

0 0 0 0 0 0 0 1 1 1 1 6 6 6 6 6 6 6 7 7
)

| 1

Make the cut at τ = 6.



Motivation Formalism Main Result Closing Remarks References Acknowledgments

Algorithm

Input: (X̃,∼′)

1. Compute the adjacency matrix AX̃ if not given

2. SX̃ = A2
X̃

− 2 ·AX̃ + In×n is the score matrix

3. For every x : sort row of x

4. Determine a threshold τ based on the distribution gap.

5. Cut every connection beyond the score threshold.

Example (x = 1).

(1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

7 1 6 1 0 6 6 0 0 0 6 0 6 7 1 0 6 0 1 6
)

| 1

(5 8 9 10 12 16 18 2 4 15 19 3 6 7 11 13 17 20 1 14

0 0 0 0 0 0 0 1 1 1 1 6 6 6 6 6 6 6 7 7
)

| 1

Make the cut at τ = 6.



Motivation Formalism Main Result Closing Remarks References Acknowledgments

Algorithm

Input: (X̃,∼′)

1. Compute the adjacency matrix AX̃ if not given

2. SX̃ = A2
X̃

− 2 ·AX̃ + In×n is the score matrix

3. For every x : sort row of x

4. Determine a threshold τ based on the distribution gap.

5. Cut every connection beyond the score threshold.

Example (x = 1).

(1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

7 1 6 1 0 6 6 0 0 0 6 0 6 7 1 0 6 0 1 6
)

| 1

(5 8 9 10 12 16 18 2 4 15 19 3 6 7 11 13 17 20 1 14

0 0 0 0 0 0 0 1 1 1 1 6 6 6 6 6 6 6 7 7
)

| 1

Make the cut at τ = 6.



Motivation Formalism Main Result Closing Remarks References Acknowledgments

Algorithm

Input: (X̃,∼′)

1. Compute the adjacency matrix AX̃ if not given

2. SX̃ = A2
X̃

− 2 ·AX̃ + In×n is the score matrix

3. For every x : sort row of x

4. Determine a threshold τ based on the distribution gap.

5. Cut every connection beyond the score threshold.

Example (x = 1).

(1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

7 1 6 1 0 6 6 0 0 0 6 0 6 7 1 0 6 0 1 6
)

| 1

(5 8 9 10 12 16 18 2 4 15 19 3 6 7 11 13 17 20 1 14

0 0 0 0 0 0 0 1 1 1 1 6 6 6 6 6 6 6 7 7
)

| 1

Make the cut at τ = 6.



Motivation Formalism Main Result Closing Remarks References Acknowledgments

Algorithm

Input: (X̃,∼′)

1. Compute the adjacency matrix AX̃ if not given

2. SX̃ = A2
X̃

− 2 ·AX̃ + In×n is the score matrix

3. For every x : sort row of x

4. Determine a threshold τ based on the distribution gap.

5. Cut every connection beyond the score threshold.

Example (x = 1).

(1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

7 1 6 1 0 6 6 0 0 0 6 0 6 7 1 0 6 0 1 6
)

| 1

(5 8 9 10 12 16 18 2 4 15 19 3 6 7 11 13 17 20 1 14

0 0 0 0 0 0 0 1 1 1 1 6 6 6 6 6 6 6 7 7
)

| 1

Make the cut at τ = 6.



Motivation Formalism Main Result Closing Remarks References Acknowledgments

Algorithm

Input: (X̃,∼′)

1. Compute the adjacency matrix AX̃ if not given

2. SX̃ = A2
X̃

− 2 ·AX̃ + In×n is the score matrix

3. For every x : sort row of x

4. Determine a threshold τ based on the distribution gap.

5. Cut every connection beyond the score threshold.

Example (x = 1).

(1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

7 1 6 1 0 6 6 0 0 0 6 0 6 7 1 0 6 0 1 6
)

| 1

(5 8 9 10 12 16 18 2 4 15 19 3 6 7 11 13 17 20 1 14

0 0 0 0 0 0 0 1 1 1 1 6 6 6 6 6 6 6 7 7
)

| 1

Make the cut at τ = 6.



Motivation Formalism Main Result Closing Remarks References Acknowledgments

Algorithm

Input: (X̃,∼′)

1. Compute the adjacency matrix AX̃ if not given

2. SX̃ = A2
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Statement & Proof Sketch

Let ni grow linearly with n, so that ϵn ≤ ni ≤ n for ϵ < 0.

Set p = O(1/n).

Theorem. Equivalence relations are noise−stable.

inf
A

P
[
A(X,∼′) ̸= (X,∼)

] |X|→∞
−→ 0.

Proof.
Chose A be as discussed earlier. We show that the distributions of ξ̂in, ξ̂out
are almost surely distinguishable.

• The expected gap ξ grows linearly as n → ∞
• σ2 = O(1) is finite

• Let q be the probability that one pair of scores ξin, ξout makes a
deviation of t = α · ξ below ξ. Then,

q ≤

Possible Pairs︷ ︸︸ ︷
(n× n)2 exp

(
− α2ξ2

2σ2 + 2/3 · α · ξ

)
(Union Bound)

∼ n4 exp (−n) −→
n→∞

0. ξ
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future work

Possible Directions Moving Forward.

• Finding a critical value pc

• Improving time and space complexity of the algorithm

• Exploring the noise sensitivity phenomena on other relations

• Applying asymmetric noise

Other Attacking Strategies include, but are not limited to

• Coding theory

• Random graph theory

• Random matrices and stochastic block models

• Community algorithms and modularity
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