Abstract

Noise sensitivity was first introduced by Benjamini, Kalai and
Schramm in their seminal work on Boolean functions. We
propose a construction of a similar taste on binary relations.
By flipping every relation with a small probability p, a natural
question on recoverability arises, to which we give a positive
answer in the case of an equivalence relation (X, ~). We prove
that equivalence relations are noise-stable under the prescribed
model. In particular, we propose a simple reconstruction
algorithm, and show that it achieves an asymptotically zero
misclassification error.
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Set f to be a boolean function, and take
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EXAMPLE (PARITY). f(z) =", 2; mod 2.
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Set f to be a boolean function, and take

® x— string of n—bits

® 7 disagrees with x on the " bit with probability p.
GOAL. Quantify noise—induced perturbations to the output.Jr

EXAMPLE (PARITY). f(z) =31, 2; mod 2.If k is the count of
flips, then f(Z) # f(z) implies Kk =1 mod 2, with probability

~ " (n e 1—(1—-2p)" -4
‘pfflll*%u)]:;(k)pk“‘p) R tsae’ é‘_
Loaf Yyt e >4
0 otherwise '

EXAMPLE (MAJORITY). Set f(x) _{
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Set f to be a boolean function, and take

® x— string of n—bits

® 7 disagrees with x on the " bit with probability p.
GOAL. Quantify noise—induced perturbations to the output.Jr

EXAMPLE (PARITY). f(z) =31, 2; mod 2.If k is the count of
flips, then f(Z) # f(z) implies Kk =1 mod 2, with probability

Z <Z>pk(1 _p)n—k _ (1- (12— 2p)"

k=1

|3

1 i 30y
EXAMPLE (MAJORITY). Set f(z) = ! Zz=,1 TiZ 2 At ko ky
0 otherw1se_,

are the counts of 0—flips and 1—flips respectively, then i 2 0 0 é—‘l
f(j?) = f(x) — k1 + ko and L J

o(
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ON BOOLEAN FUNCTIONS

Set f to be a boolean function, and take

® x— string of n—bits

® 7 disagrees with x on the " bit with probability p.
GOAL. Quantify noise—induced perturbations to the output.Jr

EXAMPLE (PARITY). f(z) =31, 2; mod 2.If k is the count of
flips, then f(Z) # f(z) implies Kk =1 mod 2, with probability

Z (Z)pk(l _p)n—k _ (1- (12— 2p)"

k=1

1oif > x> 2
EXAMPLE (MAJORITY). Set f(g) =4+ I Zi=1%i >3

= LI ko, k
0 otherwise 0

are the counts of 0—flips and 1—flips respectively, then
F(%) = f(x) — ky + ko and oha~Kaloj- Janial,

1@ # @) < |ko = k1] > |f(2) = 5|

"Benjamini, Kalai, Schramm [1] introduced noise:sensitivity.
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Some conclusions,
® Parity is asymptotically noise-sensitive
® Majority is asymptotically noise-stable l X l: n
In the same spirit, let ~ be a binary relation on X, and set p = O(1/n).

NS(~) := h&f]P’[A(N’) # (~)]
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In the same spirit, let ~ be a binary relation on X, and set p = O(1/n).
NS(~) = inf B[A(~) £ (~)]
Then,

DEFINITION (ON BINARY RELATIONS). Define

L:= lim NS(~).
| X |—o0
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NOISE SENSITIVITY

Some conclusions,
® Parity is asymptotically noise-sensitive
® Majority is asymptotically noise-stable

In the same spirit, let ~ be a binary relation on X, and set p = O(1/n).
NS(~) = inf B[A(~) £ (~)]
Then,

DEFINITION (ON BINARY RELATIONS). Define

L:= lim NS(~).
n-= | X |—o0

1. If L =0, then ~ is noise stable.
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Some conclusions,
® Parity is asymptotically noise-sensitive
® Majority is asymptotically noise-stable

In the same spirit, let ~ be a binary relation on X, and set p = O(1/n).
NS(~) = inf B[A(~) £ (~)]
Then,

DEFINITION (ON BINARY RELATIONS). Define

L:= lim NS(~).
| X |—o0

1. If L =0, then ~ is noise stable.

2. If L € (0,1), and ~ is not noise stable, then ~ is noise insensitive.
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NOISE SENSITIVITY

Some conclusions,
® Parity is asymptotically noise-sensitive
® Majority is asymptotically noise-stable

In the same spirit, let ~ be a binary relation on X, and set p = O(1/n).
NS(~) = inf B[A(~) £ (~)]
Then,

DEFINITION (ON BINARY RELATIONS). Define

L:= lim NS(~).
| X |—o0

1. If L =0, then ~ is noise stable. l
2. If L € (0,1), and ~ is not noise stable, then ~ is noise insensitive.

3. If L =1, then ~ is noise sensitive.
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RULES OF THE GAME

Let (X, ~) equivalence relation of size n, with k equivalence classes, each of
size nq.

EXAMPLE (n =20, k = 2). Here, |X;| =9 and |X2| = 11.
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RULES OF THE GAME

Let (X, ~) equivalence relation of size n, with k equivalence classes, each of
size nq.

EXAMPLE (n =20, k = 2). Here, |X;| =9 and |X2| = 11.

SETUP. Inner connectivity, outer isolation.



Q>



Flip every relation with probability p(n),

«O>» «Fr o«

nae



Flip every relation with probability p(n),
EXAMPLE (n =20,k = 2).
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Flip every relation with probability p(n),

A
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ExXAMPLE (n = 20, k= 2). Choosing p = 2—10 gives
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APPLY NOISE...

Flip every relation with probability p(n),

EXAMPLE (n = 20, k= 2). Choosing p = 2% gives

QUESTION. What happened?



Q>



MOTIVATION FORMALISM MAIN RESULT CLOSING REMARKS REFERENCES ACKNOWLEDGMENTS
0000800000 000000 (e]e) o 000

THE STOCHASTIC MODEL

DEFINITION (NOISY EQUIVALENCE RELATION). Let
X;; = Xj; be a Bernoulli random variable with parameter p.
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THE STOCHASTIC MODEL

DEFINITION (NOISY EQUIVALENCE RELATION). Let
X;j = Xj; be a Bernoulli random variable with parameter p. Set

i~7 N X35 =0 (1
in = T “ (1)
ikj N Xij=1 (2)
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THE STOCHASTIC MODEL

DEFINITION (NOISY EQUIVALENCE RELATION). Let
X;; = Xj; be a Bernoulli random variable with parameter p. Set

i~j A X;;=0 (1
in g e TN X =0 )
ikj N Xij=1 (2)

1. If ¢ ~ j, then ¢ stays connected to j with probability 1 — p.
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X;; = Xj; be a Bernoulli random variable with parameter p. Set

i~j A X;;=0 (1
in g e TN X =0 )
ikj N Xij=1 (2)

1. If ¢ ~ j, then ¢ stays connected to j with probability 1 — p.
2. Otherwise, i % j and a flip with probability p is required.
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DEFINITION (NOISY EQUIVALENCE RELATION). Let
X;; = Xj; be a Bernoulli random variable with parameter p. Set

i~7 AN X;5=0 (1
in g e TN X =0 )
ikj N Xij=1 (2)
1. If ¢ ~ j, then ¢ stays connected to j with probability 1 — p.

2. Otherwise, i % j and a flip with probability p is required.

Additions
Removals
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DEFINITION (NOISY EQUIVALENCE RELATION). Let
X;j = Xj; be a Bernoulli random variable with parameter p. Set

i~7 AN X;5=0 (1
in g e TN X =0 )
ikj N Xij=1 (2)
1. If ¢ ~ j, then ¢ stays connected to j with probability 1 — p.

2. Otherwise, i % j and a flip with probability p is required.

Additions
Removals

QUESTION.
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THE STOCHASTIC MODEL

DEFINITION (NOISY EQUIVALENCE RELATION). Let
X;; = Xj; be a Bernoulli random variable with parameter p. Set

i~7 AN X;5=0 (1
in g e TN X =0 )
ikj N Xij=1 (2)
1. If ¢ ~ j, then ¢ stays connected to j with probability 1 — p.

2. Otherwise, i % j and a flip with probability p is required.

Additions
Removals

QUESTION.Can we recover ~7
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A PROPOSAL

Let us attempt to quantify transitivity.
DEFINITION (SCORE). Define
s(t,j) = Hw#4,j : i~w A w~ g}

to be the count of neighbours w that witness the relation of i, j.
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Let us attempt to quantify transitivity.
DEFINITION (SCORE). Define
si,)) = {w#ij : i~w A we g

to be the count of neighbours w that witness the relation of i, j.

REMARKS
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A PROPOSAL

Let us attempt to quantify transitivity.
DEFINITION (SCORE). Define
s(t,j) = Hw#4,j : i~w A w~ g}

to be the count of neighbours w that witness the relation of i, j.
REMARKS
® ,jEXq = s(i,j) =
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A PROPOSAL
Let us attempt to quantify transitivity.
DEFINITION (SCORE). Define
si,)) = {w#ij : i~w A we g

to be the count of neighbours w that witness the relation of i, j.

REMARKS

° ije€Xa = $(i,§) =na—2 ' SL\’}\',Q’
\ /N

a
b,,, ./-5 Vi
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Let us attempt to quantify transitivity.

DEFINITION (SCORE). Define
s(t,j) = Hw#4,j : i~w A w~ g}

to be the count of neighbours w that witness the relation of i, j.
REMARKS

® ,jeEXa = s(i,j) = na —2

i) = s(i,j) =
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A PROPOSAL

Let us attempt to quantify transitivity.
DEFINITION (SCORE). Define
s(t,j) = Hw#4,j : i~w A w~ g}

to be the count of neighbours w that witness the relation of i, j.
REMARKS

® ,jeEXa = s(i,j) = na —2

©ifi = s(id) =0

DEFINITION (SCORE MATRIX).
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A PROPOSAL

Let us attempt to quantify transitivity.
DEFINITION (SCORE). Define
s(t,j) = Hw#4,j : i~w A w~ g}

to be the count of neighbours w that witness the relation of i, j.
REMARKS

® ,jeEXa = s(i,j) = na —2

©ifi = s(id) =0

DEFINITION (SCORE MATRIX). Stores s(i, ) in entry i, .
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A PROPOSAL

Let us attempt to quantify transitivity.

DEFINITION (SCORE). Define
s(t,j) = Hw#4,j : i~w A w~ g}

to be the count of neighbours w that witness the relation of i, j.
REMARKS
® ,jeEXa = s(i,j) = na —2
©ikj = s(ij) =0
DEFINITION (SCORE MATRIX). Stores s(i,j) in entry 4, j.
s(1,1)  s(1,2) s(1,m)
s(2,1)  s(2,2) s(2,m)
Sx = . . .

s(n:7 1) s(n,n.— 1) s(n.7 n)
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EXAMPLE (EQUIVALENCE RELATION). 5(3,6) =7, 5(3,2) = 0.
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QUANTIFYING TRANSITIVITY

ExXAMPLE (EQUIVALENCE RELATION). s(3,6) =7, 5(3,2) = 0.
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QUANTIFYING TRANSITIVITY

ExXAMPLE (EQUIVALENCE RELATION). s(3,6) =7, 5(3,2) = 0.
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EXAMPLE (Noi1sy EQUIVALENCE RELATION, p = 1/20).
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QUANTIFYING TRANSITIVITY

ExampLE (NoI1sy EQUIVALENCE RELATION, p = 1/20).

° 5(2,3)=0 ° 5(3,4)=2 ° 5(4,2)=9
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QUANTIFYING TRANSITIVITY

ExampLE (NoI1sy EQUIVALENCE RELATION, p = 1/20).
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ExampLE (NoI1sy EQUIVALENCE RELATION, p = 1/20).
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ExampLE (NoI1sy EQUIVALENCE RELATION, p = 1/20).

A2 s 45 6 7 8 9 1001 12 13 14 15 16 17 18 19 20

7 1 6 1 06 6 000 6 06 7 1 06 0 1 6\ |1
111 09 9 3 1 9 9 9 1 8 1 4 9 9 2 8 9 1| |2
6 0 9 2 1 7 7 2 117176 3 1713 7|]3

OBSERVATION.
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QUANTIFYING TRANSITIVITY

ExampLE (NoI1sy EQUIVALENCE RELATION, p = 1/20).

A2 s 45 6 7 8 9 1001 12 13 14 15 16 17 18 19 20

7 1 6 1 06 6 000 6 06 7 1 06 0 1 6\ |1
111 09 9 3 1 9 9 9 1 8 1 4 9 9 2 8 9 1| |2
6 0 9 2 1 7 7 2 117176 3 1713 7|]3

OBSERVATION. Visible gap between same-class & different-class scores.
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QUESTION. Is this a global phenomena?
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QUESTION. Is this a global phenomena?

ExXAMPLE (Noisy EQUIVALENCE RELATION, p = 1/20).
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OBSERVATION. Not very useful. Sort row values ascendingly.
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ForMALIsSM. What is the expected score gap?




Fix z € X;. If © ~ ¢, then
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EXPECTED IN-SCORE

Fix z € X;. If © ~ 4, then

Inter—connections

5(93,1) = Z (] - Xa:w) ' (] - Xwi) + Z Xow - Xuwi

weX;\{z,i} wgX,;

Intra—connections
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EXPECTED IN-SCORE

Fix z € X;. If © ~ 4, then

Interfcggyections

(a,i)= > (1{ Xow) (1= Xui)+ Y Xow - Xu

weX;\{z,i} wgX,;

Intra—connections

IMPLICATION. The expected in-score is of order O(n;).

ACKNOWLEDGMENTS
[e]e]e}



If j € Xj, then z o j and

<o <Fr <

Q>
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EXPECTED OUT-SCORE

If j € X, then z % j and

§(:L‘,_]) = Z (1 - Xxw) ° Xu;j + Z Xxw ° (1 - ij) + Z A\’;l"u,' : )(,”

weX;\{z} weX;\{5} wEX;LX;
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EXPECTED OUT-SCORE

If j € X, then z % j and

§((L‘,_]) - Z (1 - X:ﬁw) - ij + Z X;Uw : (1 - ij) + Z AY{I"II,' ‘AY(U

weX;\{z} weX;\{j} wEX;UX;

ImPLICATION. The expected out-score is of order O((n; + n;) - p).
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Seﬁ@o be the difference of §(z, ), §(z,j), that is the score gap. Then,
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THE EXPECTED GAP
(x,(vf Ml’

Set £ to be the difference of 5(z,4), 3(z,j), that is the score gap. Then,

€= (Xoi+ Xoj = 1) - Xij + > (1= Xaw) - (1= Xupi — Xuj)

weX;\{z,i}

+ Z Xaw - (Xwi +ij - 1)
weX;\{5}

) Xow - (Kiw — Xju)-
UJQXiUXj

If £ is the expectation of é, then

€= (ni —2) — (3n; +n; — 6) - p+ (2n; +2n; —4) - p* = O(ny).
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THE EXPECTED GAP

Set £ to be the difference of 5(z,4), 3(z,j), that is the score gap. Then,

€= (Xoi+ Xoj = 1) - Xij + > (1= Xaw) - (1= Xupi — Xuj)

weX;\{z,i}

+ Z Xaw - (Xwi +ij - 1)
weX;\{5}

+ ) Xow - (Xiw — Xju)-
UJQXiUXj

If £ is the expectation of é, then
€= —2) = (3ni+n; —6) - p+ (20 +2nj —4) - p* = O(n;). ()

IMPLICATION.
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THE EXPECTED GAP

Set £ to be the difference of 5(z,4), 3(z,j), that is the score gap. Then,

€= (Xoi+ Xoj = 1) - Xij + > (1= Xaw) - (1= Xupi — Xuj)

weX;\{z,i}

+ 3" Xow + (Xuwi + Xu; — 1)
weX;\{j}

+ Z Xow - (Xiw - ij)-
wgX;UX;

If £ is the expectation of é, then
€= (ni—2)— (Bni+nj —6)-p+(2n; +2n; —4)-p° = O(n;). ()

IMPLICATION. The gap gets larger!



Q>



MOTIVATION FORMALISM MAIN RESULT CLOSING REMARKS REFERENCES ACKNOWLEDGMENTS
0000000000 000e00 00 o 000

CRITICAL QUESTION

How do we know that éout does not deviate to &7

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
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CRITICAL QUESTION

How do we know that éout does not deviate to &7

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

ExaMPLE (Noi1sy EQUIVALENCE RELATION, p = 1/20).
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CRITICAL QUESTION

How do we know that éout does not deviate to &7

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

ExaMPLE (Noi1sy EQUIVALENCE RELATION, p = 1/20).
With n1 =9, ng = 11 we may compute the distribution.
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CRITICAL QUESTION

How do we know that éout does not deviate to &7

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

ExaMPLE (Noi1sy EQUIVALENCE RELATION, p = 1/20).
With n1 =9, ng = 11 we may compute the distribution.

Y
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BERNSTEIN

The following concentration bound allows us to gauge large deviations
below the mean gap.

$[2] Bernstein inequality.
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BERNSTEIN

The following concentration bound allows us to gauge large deviations
below the mean gap.

THEOREM (BERNSTEIN). Let Z1,Zs,. .., Zn be independent
random variables, and set u =, E[Z;].

$[2] Bernstein inequality.
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BERNSTEIN

The following concentration bound allows us to gauge large deviations
below the mean gap.

THEOREM (BERNSTEIN). Let Z1,Zs,. .., Zn be independent
random variables, and set p = >, E[Z;]. If

° |Z7,| SC

$[2] Bernstein inequality.
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BERNSTEIN

The following concentration bound allows us to gauge large deviations
below the mean gap.

THEOREM (BERNSTEIN). Let Z1,Zs,. .., Zn be independent
random variables, and set p = >, E[Z;]. If

* |Zi|<c= |
* Var(Z;) < o?

$[2] Bernstein inequality.
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BERNSTEIN

The following concentration bound allows us to gauge large deviations
below the mean gap.

THEOREM (BERNSTEIN). Let Z1,Zs,. .., Zn be independent
random variables, and set p = >, E[Z;]. If

° |ZZ| S C
* Var(Z;) < o?
then for Z = 3", Z; and 0 = 3, 02 one obtains

$[2] Bernstein inequality.
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BERNSTEIN

The following concentration bound allows us to gauge large deviations
below the mean gap.

THEOREM (BERNSTEIN). Let Z1,Zs,. .., Zn be independent
random variables, and set p = >, E[Z;]. If

° |ZZ| S C
* Var(Z;) < o?
then for Z = 3", Z; and 0 = 3, 02 one obtains

2
Plu—Z >t] <exp (—m) (12D

$[2] Bernstein inequality.
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BERNSTEIN

The following concentration bound allows us to gauge large deviations
below the mean gap.

THEOREM (BERNSTEIN). Let Z1,Zs,. .., Zn be independent
random variables, and set p = >, E[Z;]. If

° |ZZ| S C
* Var(Z;) < o?
then for Z = 3", Z; and 0 = 3, 02 one obtains

2
Plu—Z >t] <exp (—m) (12D

MEANING.

$[2] Bernstein inequality.
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BERNSTEIN

The following concentration bound allows us to gauge large deviations
below the mean gap.

THEOREM (BERNSTEIN). Let Z1,Zs,. .., Zn be independent
random variables, and set p = >, E[Z;]. If

° |ZZ| S C
* Var(Z;) < o?
then for Z = 3", Z; and 0 = 3, 02 one obtains

2
Plu—Z >t] <exp (—m) (12D

MEANING. An exponential bound on the deviation of the measured sum Z
below the expected sum.

$[2] Bernstein inequality.
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BERNSTEIN

The following concentration bound allows us to gauge large deviations
below the mean gap.

THEOREM (BERNSTEIN). Let Z1,Zs,. .., Zn be independent
random variables, and set p = >, E[Z;]. If

° |ZZ| S C
* Var(Z;) < o?
then for Z = 3", Z; and 0 = 3, 02 one obtains

2
Plu—Z >t] <exp (—m) (12D

MEANING. An exponential bound on the deviation of the measured sum Z
below the expected sum.

IMPLICATION.

$[2] Bernstein inequality.
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BERNSTEIN

The following concentration bound allows us to gauge large deviations
below the mean gap.

THEOREM (BERNSTEIN). Let Z1,Zs,. .., Zn be independent
random variables, and set p = >, E[Z;]. If

° |ZZ| S C
* Var(Z;) < o?
then for Z = 3", Z; and 0 = 3, 02 one obtains

2
Plu—Z >t] <exp (—m) (12D

MEANING. An exponential bound on the deviation of the measured sum Z
below the expected sum.

ImpLICATION. To asymptotically bound the deviation probability to zero,
demand o2 = o(t?).

$[2] Bernstein inequality.



If 02 = o(t?), we are done.

DA
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BOUNDING DEVIATIONS

If 02 = o(tz), we are done. Using earlier computations yields
Var[é] = (3n; + n; —6)-p

(2n —11n; —5n; +18) - p

(12n; + 8nj — 2n — 20)

(=

+ + +

4n; —4nj + 8) pt
= O((ni +ny) - p) ")

OBSERVATION. With p = (’)(%), we get that o2 = O(1) is finite!
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Input: (X, ~')

1. Compute the adjacency matrix A ¢ if not given
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Input: (X, ~')

1. Compute the adjacency matrix A ¢ if not given

2. 8% = A?;v —2- A + Inxn is the score matrix

<O «Fr o«

DA
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ALGORITHM

Input: (X, ~')
1. Compute the adjacency matrix A ¢ if not given
2. Sf( = A§~( —2- A)? + I xn is the score matrix

3. For every z : sort row of x

ACKNOWLEDGMENTS
[e]e]e}
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ALGORITHM

Input: (X,~')
1. Compute the adjacency matrix A ¢ if not given
2 Sf( = A§~( —2- AX + I xn is the score matrix
3. For every x : sort row of x
4

Determine a threshold 7 based on the distribution gap.
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ALGORITHM

Input: (X,~')

1. Compute the adjacency matrix A ¢ if not given

2. Sg = A§~( -2 AX + I xn is the score matrix

3. For every x : sort row of x

4. Determine a threshold 7 based on the distribution gap.
5. Cut every connection beyond the score threshold.
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ALGORITHM

Input: (X,~')

1.

2.
3.
4. Determine a threshold 7 based on the distribution gap.

ot

Compute the adjacency matrix A ¢ if not given
¢ = A§~( -2 AX + I xn is the score matrix

For every «x : sort row of =

Cut every connection beyond the score threshold.

EXAMPLE (z = 1).

ACKNOWLEDGMENTS
[e]e]e}
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ALGORITHM

Input: (X,~')
1. Compute the adjacency matrix A ¢ if not given
2. Sg = A§~( -2 AX + I xn is the score matrix
3. For every x : sort row of x
4. Determine a threshold 7 based on the distribution gap.

Cut every connection beyond the score threshold.

ot

EXAMPLE (z = 1).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
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ALGORITHM

Input: (X,~')

1.

2.
3.
4

. Determine a threshold 7 based on the distribution gap.

ot

Compute the adjacency matrix A ¢ if not given
¢ = A§~( -2 AX + I xn is the score matrix

For every «x : sort row of =

REFERENCES ACKNOWLEDGMENTS
000

Cut every connection beyond the score threshold.

EXAMPLE (z = 1).

2 3 4 5 6 7 8 9 10 11 12 13 14 15

16 17 18 19 20
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ALGORITHM

Input: (X,~')
1. Compute the adjacency matrix A ¢ if not given
2. Sg = A§~( -2 AX + I xn is the score matrix
3. For every x : sort row of x
4. Determine a threshold 7 based on the distribution gap.

Cut every connection beyond the score threshold.

ot

EXAMPLE (z = 1).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Make the cut at 7 = 6.



Let n; grow linearly with n, so that en <n; <n for e < 0.
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Let n; grow linearly with n, so that en < n; < n for e < 0. Set p = O(1/n).
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THEOREM.

Let n; grow linearly with n, so that en < n; < n for e < 0. Set p = O(1/n).
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STATEMENT & PROOF SKETCH

Let n; grow linearly with n, so that en < n; <n for e < 0. Set p = O(1/n).
THEOREM. Equivalence relations are noise—stable.

| X |—o00
—

ir&fIP’ [AX,~) # (X, ~)] 0.
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STATEMENT & PROOF SKETCH

Let n; grow linearly with n, so that en < n; <n for e < 0. Set p = O(1/n).
THEOREM. Equivalence relations are noise—stable.

| X |—o00

ir&fIP’ [AX,~) # (X,~)] "= 0.

ProoF.
Chose A be as discussed earlier.
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STATEMENT & PROOF SKETCH

Let n; grow linearly with n, so that en < n; <n for e < 0. Set p = O(1/n).
THEOREM. Equivalence relations are noise—stable.

| X |—o00
—

inf P [A(X, ~/ X, ~ 0.

1& [ (X, ~) # (X, )]

PROOF. o
Chose A be as discussed earlier. We show that the distributions of &, &out
are almost surely distinguishable.
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STATEMENT & PROOF SKETCH

Let n; grow linearly with n, so that en < n; <n for e < 0. Set p = O(1/n).
THEOREM. Equivalence relations are noise—stable.

| X |—o00
—

i?P[AMQm@#(XgQ] 0.

PROOF. o
Chose A be as discussed earlier. We show that the distributions of &, &out
are almost surely distinguishable.

® The expected gap £ grows linearly as n — oo
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STATEMENT & PROOF SKETCH

Let n; grow linearly with n, so that en < n; <n for e < 0. Set p = O(1/n).
THEOREM. Equivalence relations are noise—stable.

| X |—o00
—

i?P[AMQm@#(XgQ] 0.

PROOF. o
Chose A be as discussed earlier. We show that the distributions of &, &out
are almost surely distinguishable.

® The expected gap £ grows linearly as n — oo
e 02 =0(1) is finite
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STATEMENT & PROOF SKETCH

Let n; grow linearly with n, so that en < n; <n for e < 0. Set p = O(1/n).
THEOREM. Equivalence relations are noise—stable.

| X |—o00
—

i?P[AMQm@#(XgQ] 0.

PROOF. o
Chose A be as discussed earlier. We show that the distributions of &, &out
are almost surely distinguishable.

® The expected gap £ grows linearly as n — oo

e 02 =0(1) is finite

® Let g be the probability that one pair of scores &, &out makes a
deviation of t = « - € below &.
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STATEMENT & PROOF SKETCH

Let n; grow linearly with n, so that en < n; <n for e < 0. Set p = O(1/n).
THEOREM. Equivalence relations are noise—stable.

| X |—o00
—

i?P[AMQmS#(Xgﬁ] 0.

PROOF. o
Chose A be as discussed earlier. We show that the distributions of &, &out
are almost surely distinguishable.

® The expected gap £ grows linearly as n — oo

e 02 =0(1) is finite

® Let g be the probability that one pair of scores &, &out makes a
deviation of t = « - € below &. Then,

Possible Pairs

242
< 2 . o€ .
g< (nxn)” exp ( 20T 2/3 a € 5) (Union Bound)

~ n*exp (—n) e 0.
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FUTURE WORK

PossiBLE DIRECTIONS MOVING FORWARD.
® Finding a critical value pc
® Improving time and space complexity of the algorithm
® Exploring the noise sensitivity phenomena on other relations

® Applying asymmetric noise
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FUTURE WORK

PossiBLE DIRECTIONS MOVING FORWARD.
® Finding a critical value pc
® Improving time and space complexity of the algorithm
® Exploring the noise sensitivity phenomena on other relations
® Applying asymmetric noise
OTHER ATTACKING STRATEGIES include, but are not limited to
® Coding theory
® Random graph theory

® Random matrices and stochastic block models
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FUTURE WORK

PossiBLE DIRECTIONS MOVING FORWARD.
® Finding a critical value pc
® Improving time and space complexity of the algorithm
® Exploring the noise sensitivity phenomena on other relations
® Applying asymmetric noise
OTHER ATTACKING STRATEGIES include, but are not limited to
® Coding theory
® Random graph theory
® Random matrices and stochastic block models

® Community algorithms and modularity
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