ABSTRACT. Formalization is the translation of informal
mathematical text into verifiable arguments. From Hilbert and
Bourbaki to the QED manifesto, mathematicians have pursued
this dream of a single source of truth, a single repository of all
mathematical knowledge. Today, this dream is much closer
than one might think. In this talk, we present the formalization
problem and highlight the fundamental gap between informal
proofs and formal reasoning. This is followed by a discussion on
the current frontier of automatic formalization. We conclude
with an outlook on future directions, as well as implications for
the working mathematician.
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Tweets

Omar El Shenawy @eclshenawyom - Dec 18, 2022
why bother then == https://t.co/Xkmvn3x0Se 7

Corollary 2.3. Let ¢ be a number and let the assumptions be as in the
theorem. Then

lim ¢f (x) = cL.

Proof. Clear.

Corollary 2.4. Let the notation be as in the theorem. Then
lim (f6) — g(x)) = L — M.

Proof. Clear.
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From here we get three themes:

o COMPRESSION of logic,

® (OMISSION of reasoning,

o UNVERIFIABILITY, at least, to the working mathematician.
Let’s take a step back.
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THE MATHEMATICIAN’S DREAM

¢ Hilbert’s Program (1920s): Can we verify all
mathematics mechanically?

¢ Bourbaki (1935+): Rigorous, unified foundations
¢ QED Manifesto (1994): A single repository of all math

QUESTION. What happened?
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ANOTHER STEP BACK

FORMALIZATION. = translate informal argument — formal
proof
¢ Informal.
COROLLARY 2.3 Let ¢ be a number and let the
assumptions be as in the theorem. Then
lim cf(x) =c- L.
r—a
Proof. Clear. Just kidding. You need two ingredients:
1. Ve>030>0Vz, 0< |z —a| <d = |f(z) — L| <&,
2. |ef(x) —cL| = || |f(x) — LI.
Then applying 2. to 1. gives the result.
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THE Proor DAG

This is a graph where

e Statements, lemmas, theorems are nodes

¢ Edges signify ogical dependency

It is also Acyclic. This is called a Directed Acyclic Graph
(DAG).
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THE COMPRESSION PROBLEM

Informal proofs compress the DAG. In such a proof, one finds
e Key ideas only
® Some hand-waving Follows from standard... arguments
whereas standard formal proofs
® have 10x the number of nodes,
® are complete, but verbose.

INSIGHT. An informal proof is a lossy compression of its DAG.
PROBLEM. One often compromises completeness or readability.
QUESTION. Can we reliably recover the DAG from a
compressded proof?
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WHAT HAPPENED?

QED Manifesto:
® create tens of proof assistants
® hope the community will verify all proofs
Recent shift: Buzzard, Scholze, and the Lean Community

¢ Formalize contemporary proofs (FLT, Liquid Tensor
Experiment)

® use that as an excuse to build libraries

= still not enough.
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AUTOFORMALIZATION

AUTOFORMALIZATION. Automatic formalization.

The mathematician’s dream is
1. Input. An informal proof (lossy text)
2. Process. Decompress the DAG structure

3. Output. A formal, verifiable proof

This is GRAPH RECONSTRUCTION from partial information.
Should be possible, right?
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RicHT?

Given a compressed proof, one has to infer
® Nodes. What lemmas aren’t mentioned?

® 7The proof of Theorem 5 relies on an unlisted lemma from
the appendix”

¢ Edges. Which lemmas depend on which?

® "Lemma 3 actually uses Lemma 1, even though it’s not
mentioned”

® Subgraphs. What standard techniques are invoked?

® "By continuity and the intermediate value theorem...”

What could possibly go wrong?
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HERE’S THE CATCH

A single informal proof text can correspond to

Proof A Proof B

Both are valid proofs, and lead to the same written text
(maybe).

INSIGHT. Decompression is not unique

TAKEAWAY. The decompression problem is ill-posed!
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A SEMANTIC GAP

The statement
"By a standard argument, (5) follows from (3) and (4).”

is semantically ambiguous. The writer might refer to
e direct calculation
® a 3-page lemma from another paper

® a highly nontrivial argument to the reader
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°

THE LANDSCAPE

Here’s a glimpse of the research frontier,

e M2F (Math-to-Formal): Build skeleton DAGs from text

® Jdentify main statements and structure

¢ LeanAgent: Expand and verify the DAG
® Given a partial proof, fill in missing steps

OBSERVATION. Approximations to the reconstruction problem.
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WHAT’S NEXT?

A (partial) solution to the compression problem has
implications, possibly

® Better structured paper formats?

Hybrid human-AT verification?

Standardizing common subgraphs?

Use formalization as a WRITING TOOL
Get feedback on sketches
e (Collaborate with machines

CONSEQUENCE. Al will replace (a subset of) Mathematicians

()
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A PROPOSAL

Effectively, we have a missing value prediction task. We propose
a learning project titled

Masked Language Modeling for Graphs

e Input: A DAG with some nodes & edges removed
® Task: Predict what was masked
® Tool: Neural networks, language models
Strategies:
® Mask nodes, predict them from the graph structure
e LLMs: 7Fill in the missing lemma that should go here”

® Graph neural networks: Learn from examples of complete
proofs

Let’s talk!
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