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L Srarement

MAIN RESULTS

THEOREM (THE PATH-LOOP FIBRATION)
Tn(QX) 2 7141 (X)

THEOREM (THE HOPF FIBRATION)
70 (S%) = 71, (S?) forn >3



|—THE HoprF FIBRATION

THE HOPF FIBRATION

THEOREM (THE HOPF FIBRATION)
Tn(93) =2 1, (S?) forn >3



LTHE HoprF FIBRATION

THEOREM

1. FIBRATIONS INDUCE LONG EXACT SEQUENCES

Letp: E —, B be a Serre fibration. Choose by € B and xg € F'
such that p~'(bg) = zo. Then, there exists a map

px T (E, F,x0) — mp(B, bo)
that is an isomorphism for all n > 1.
COROLLARY

B path-connected = Long Fzxact Sequence

e — 7Tn(F, CC()) — Wn(E,(Eo) — Wn(B,bQ) — 7Tn_1(F, SCQ) — ..




|—THE HoprF FIBRATION

2. HicHER HomoTOPY GROUPS OF S!

PROPOSITION

Z n=1
mn(S1) =
n(57) 0 n>2



|—THE HoprF FIBRATION

3. LEMMA ON EXACT SEQUENCES

DEFINITION (EXACT SEQUENCE)

A family of groups {G;}7_,, a family of homomorphisms { f;}

G —f G2 fe T T a1 Gn

Sequence is exact = for alli € {1,...,n

-1}

LEMMA

im(f;) = ker(fit1)

0= G1 =y, Go =y, 0 is evact <= G1 = Ga

n—1
i=1



I—THE HoprF FIBRATION

FIrRsT MAIN RESULT

THEOREM
70(S3) = 71, (S?) forn >3
Proof. This is a Fibration

Stes 53 -, 52
1. Fibrations induce exact sequences

oo = (1) = T (S3) = (8% = w1 (S =

2. mp(SY) =0 forn >2

ce = 0= (S?) = m(S?) 50— ..

3. Isomorphism of groups

it D



|—THE Para-Loopr FIBRATION

THE PATH-LOOP FIBRATION

THEOREM (THE PATH-LOOP FIBRATION)
Tn(QX) = mng1(X)



LTHE Para-Loopr FIBRATION

THEOREM

1. FIBRATIONS INDUCE LONG EXACT SEQUENCES

Letp: E —, B be a Serre fibration. Choose by € B and xg € F'
such that p~'(bg) = zo. Then, there exists a map

px T (E, F,x0) — mp(B, bo)
that is an isomorphism for all n > 1.
COROLLARY

B path-connected = Long Fzxact Sequence

e — 7Tn(F, CC()) — Wn(E,(Eo) — Wn(B,bQ) — 7Tn_1(F, SCQ) — ..




LTHE Para-Loopr FIBRATION

2. THE PATH SPACE 1S CONTRACTIBLE

DEFINITION
(Homotopy of Spaces) X ~ Y if there exists

[ X=>Y & g: Y > X

such that go f ~idx and f o g ~idy. A contractible space is
homotopy equivalent to a point.

LEMMA
PX is contractible.

LEMMA
PX is contractible <= mp(PX) =0

u]
8]
I
i
it
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3. LEMMA ON EXACT SEQUENCES

DEFINITION (EXACT SEQUENCE)

A family of groups {G;}7_,, a family of homomorphisms { f;}

G —f G2 fe T T a1 Gn

Sequence is exact = for alli € {1,...,n

-1}

LEMMA

im(f;) = ker(fit1)

0= G1 =y, Go =y, 0 is evact <= G1 = Ga

n—1
i=1



LTHE Para-Loopr FIBRATION

SECOND MAIN RESULT

THEOREM
Tn(QX) 2 w1 (X)
Proof. This is a Fibration

QbXL)P(X,b) —)Xb

1. Fibrations induce exact sequences

s = Mgt (P(X, D) = Tt (X) = 7o (QX) — mp (P(X, D)) — ...
2. PX contractible <= 7,(PX) =0

= 0= T (X) =5 (X)) - 00— .

3. Isomorphism of groups

it D

u]
8]
I

i




- FIBRATIONS

THE LIFTING PROBLEM

DEFINITION
p: E — B has the homotopy lifting property wrt X if

1. for all maps f: X - F

2. for all homotopies G : X x [0,1] — B of the map po f

p

Co—t=

there exists a homotopy F' : X x [0,1] — E such that

a) Fp=f the homotopy F starts with f
b) po F' = G. the homotopy on E projects to the homotopy on B



|—THE Bic THEOREM

FIBRATION

DEFINITION (FIBRATION)

A (Hurewicz) fibration is a surjection p : E — B that satisfies
the homotopy lifting property for all spaces.
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COMMUTATIVE DIAGRAM

X f E
/7
‘ p -
10 // p
X x [ —— B

DA
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RELATIVE HLP

DEFINITION
Let
T:=(X x{0})U (A x[0,1]).
We say p has the homotopy lifting property for a pair (X, A) if
1. for any homotopy F : X x [0,1] — B
2. for any lifting f: T — E of f = F|T
there exists a homotopy G : X x [0,1] — E such that po G = F
and F|T =g.

REMARK
Notice that A = ¢ = T = X x {0} gives the standard
definition of HLT.



|—THE Bic THEOREM

Py« IS SURJECTIVE

THEOREM

Letp: E —), B be a Serre fibration. Choose by € B and xg € F'
such that p~'(bg) = xo. Then, there exists a map

D« : 7Tn(l?: F, 55'0) — 7Tn(B7 bO)
that is an isomorphism for all n > 1.
Proof. 1. p, is surjective



|—THE Bic THEOREM

P« IS INJECTIVE

THEOREM

Letp: E —), B be a Serre fibration. Choose by € B and xg € F'
such that p~'(bg) = xo. Then, there exists a map

D« : 7Tn(l?: F, 55'0) — 7Tn(BabO)

that is an isomorphism for all n > 1.

Proof. 2. p, is injective



LTHE Bic THEOREM

KeEy COROLLARY

COROLLARY
If B is path-connected. Then there is an induced long exact
sequence on homotopy groups, given by

s — Wn(F,l’o) — Wn(E,xo) — ﬂn(B,b()) — Wn_l(F,xo) — ...

Statement without proof. The isomorphism induces the
exact sequence for the pair (E, F);

RN 7Tn(F) — 7Tn(E) — Wn(EaF)
Proof.
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