The Banach—Tarski Paradox
An Exposition

Omar Elshinawy
Fall 2023

Abstract

Contrary to common belief, the result by Stefan Banach and Alfred Tarski is not at all
paradoxical, and rather challenges our intuition about the notion of infinity. In this article,
we introduce a paradoxical decomposition of F3, the free group on two generators, then
extend this notion by the embedding of F5 in Euclidean space R3. We conclude with a few
notes on non-measurability, and reflect on criticism of the Axiom of Choice.
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1 On the Free Group
1.1 A Prelude

To familiarize ourselves with the concept of a free group, it may be necessary to first discuss
what a group is.

Definition 1.1 (Group Axioms). Let G be a set. Endowed with a binary operation - , if

1. (Vr,s,t€G): (r-s)-t=r-(s-t), Associativity
2. (FecG)(Vse@):e-s=s5-e=s5, Identity Element
3. (VseG@)(Fste@):s-s7t=e¢, Inverse Element

then we say that G is a group.

Remark. We adopt the convention of writing s -t as st.

Next, to define a free group, we start with an arbitrary set S, and define S~! to be the set of
inverses of s € S as in the third axiom. This allows us to define an alphabet 7' := S U S™!.

Definition 1.2 (Free Group). Let S be an arbitrary set. Then, the free group generated by S
is
F |S| = <S> = {tltg cotn ot Gt 75 e, t; €T, ne No}

and is of rank |S|. We say that w € (S) is a reduced word of finite length, and define to := e to
be the word of zero length.

In order for (S) to become a free group, any two words must be different unless their equality
follows from the second and third group axioms. When considering rotations in R3, we
want to make a choice of rotations o, 7 that does not allow for further reduction of words.

In the following section, we discuss the free group of two elements, explain what a reduced word
is (not), and emphasize why we need a unique representation of the identity rotation e.

1.2 The Free Group F,

Let S = {0,7}. Then, S~! = {0~ Y, 771}, and T = SUS~! = {0,071, 7,771} is our alphabet.
We have that

o rro it € By = (0,7) No two letters are inverses of each other
e T loo7ir ¢ By This word should be reduced to e.

We impose this condition to uniquely represent each word. A nice exercise is to convince yourself
that there is an infinite class of non-reduced, non-trivial represntations of the identity element e.

This is analogous to choosing two rotations o, 7 (and o=1,771) that act freely on the group.
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1.3 An Interesting Decomposition of F;

Let us study the anatomy of Fb.

Definition 1.3 (Classification of Reduced Words.). Let T be an alphabet. For t € T, we define
W(t) :={we(o,7):t1 =0}

to be all reduced words that start with ¢t € T.

A free group is truly free, without any restriction beyond the group axioms. To illustrate this,
we now endow the reader with the following nice visual images.

o — .- T

0-/7__17... Tli o —

/ \7-7"' / U—li

7_1*"' o —

W(O’) — 7-_1 _— o ... W(T_l) - 1 O'/ -
T~

Observe that a word that starts with ¢ € T cannot continue with ¢t=% € T, leaving three options
at each node. We can write that

Fy:=W(o) UW(T)UW (T HuW(o_y)UW(e) (1)

with LI as the disjoint union. We remind the reader that all words are finite, and will terminate
at some given node. Next, let us consider W (o). Apply o1 from the left, then we get that

P o — - ...
o \7'_1 - W(o)=0 1,
T T
- 1 I
o W(o):=c"to=c¢ 71 o— simplifies to - W(r ) =7r"1——0¢
\ T T -1
a o
o— o
/ _ — - —1
. =1 W(r)=r o1,
T T — T
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Indeed, we have
o 'W(o) =W(e)UW(Er HuW(r)UW(e) = F, — W(o). (2)
We note that the choice of ¢ is arbitrary, and the statement is generally true for any ¢ € T.

It is rather interesting (and perhaps paradoxical) that we ”almost” obtain the whole free group
by applying one group operation on a subset. To exploit this even further, observe that

F=0c"'W(E@)UW(o) =7"'W(r) UW (7). (3)

The goal of this demonstration is to refine the intuition behind the paradoxical decomposition.
Note, however, that our copies generate the identity e twice, and we only have one copy of
the identity. This hints towards a perhaps more complicated decomposition of F5, which we
rigorously treat with the following theorem.

Theorem 1.4 (Paradoxical Decomposition of Fy). For the free group Fo = (o, T) on two gener-
ators, we can find a partition
<0’,T> =G1UGUG3 UGy

such that one can write
(o,7) =G1UoGy = G3 UTGy.

Proof. We make the following clever choices,
G =W(o); Go=W(o™Y); Gz=W(r)U{e,7 L, 772,...}; Ga=W(r ) —{r1, 772 ...}

— G4 C W(r71), meaning G, G2, G4 are disjoint. It suffices to compare these sets to G'3.

— (3 has no words starting with o or o~ !, therefore G1, G5 are disjoint compared with Gs.

— W(r), W(r~1) are disjoint, and G3, G4 do not intersect on {7=1,772,...}, nor on e.

The first statement immediately follows. For the following statement, we observe that
GiUoGy=W(o)UoW(oc™) =) F,.

Next, we check that G3 U TGy indeed generates Fb.

G3UTGy = (W(T) U{e, 771,772, ... }) L T(W(T_l) —{r= =2 ... })

=(3) (W(T) U{e, 771,772, ... }) U <(F2 — W(T)) —{e, 771,772, .. })

_ (W(T) ¥ {e,T-lm-?,...}) L <F2 - (W(T) U {e,T—l,T—2,...})> = P,
As promised in (3), we obtain exactly one copy of e. ([
We have used one copy of (o, 7) to generate two copies of (o, 7), by the means of rotations o, 7.

To extend this notion to S?, we would like to argue the existence of these two rotations that
behave similarly to the generators of F5. This is precisely what we dedicate the next section to.
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2 From Groups to Spheres

We show that there exists o, 7 such that (o, 7) is free. It turns out there is an infinite class of such
pairs of rotations, but we do not delve into that at all. We will however give explicit rotation
matrices for our purposes. We then proceed immediately with paradoxically decomposing S2.

2.1 A Free Group of Rotations

Let us start by choosing 6 = arccos % Next, we set o be a rotation by 6 about the r—axis, and

T a rotation by 6 about the z—axis. We give explicit matrices,

L [3 0 0 (B0 0
oc=-10 1 =22 & 0—1:§ 0 1 2V2
0 2v2 1 | 0 -2v2 1

I =2vEzo0] 1T vz oo
T=3 22 1 0vV2| & 7l=-]-2v2 1 02
0 0 3 | 0 0 3

Some motivation behind this choice is the fact that arccos % is an irrational rotation. A rational

rotation is periodic, and that is of course not suitable for our purposes. Now we show why
arccos% is indeed a more suitable choice.

Lemma 2.1. For p € {(o,7) we find that
177.
p(0,1,0) = 3 (aV2,b, c\V/2)

fora,b,ceZ

Proof. Induction on the length n of p. Base case is trivial, suppose the lemma holds for all k£ < n.
Then p,, = rp,_1 for r € {o, 7,07, 771}. Applying the hypothesis for p,_; yields

(o 0')(0,1,0) = %n(?)a\fb 4e, (c +2b)V2)
(e 0 p')(0,1,0) = %n(:saf b+ de, (c — 20)V2)
(100)(0,1,0) = %n(aﬂb\fbwa?,cﬁ)
(t710 p')(0,1,0) = %n( a+2b)V2,b — 4a, 3¢v/2)
This concludes the argument. O

Theorem 2.2. (0, 7) is a free group such that there is no non-trivial identity.

Proof. Suppose there exists a non-trivial identity rotation p. Then p(0,1,0) = (0,1,0). By 2.1
we have that

(0,1,0) = p(0,1,0) = én(a\/i, b, cV/2)

so we infer that a = ¢ = 0 and b = 3" for n € N, meaning a =3 b =3 ¢. This yields a contradiction,
which for the sake of brevity, is shown in Proposition 3.1, Tom Weston’s expository. [4]. O
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2.2 Decomposing S,

There is a small subtlety with rotations, that is every axis of rotation fixes two points. If we
want to have a true free action, then we ought to eliminate these two points for every rotation.
For now, let us denote the set of all such points by P, and proceed our discussion on S2/P.

Definition 2.3 (Problematic Poles). We define
P:={z€S®|r(x)=aforre (o)}
to be points z € S? that are fixed by rotations r € (o, 7).

Remark. Clearly |P| := 2|F5| as for each rotation we have two fixed points.

For the sake of our construction, we partition the sphere into equivalence classes.

Lemma 2.4 (Partition of S?). The the following relation,
x~y < dpe(o,T) plx)=y.
defines an equivalence relation on x,y € S2.

Proof. One only checks that ~ is symmetric, transitive and reflexive, a simple exercise. (I

Using the lemma above, we define
(52—P)/~ ={[z] | z € S* — P}
to be the set of equivalence classes of points in S? — P under ~, which we use in the next proof.

Theorem 2.5 (Hausdorff Paradox). There exists a countable subset P of the sphere S, and a
decompostion
52—P291UQQ|_|93|_|Q4

such that
S2—P=0QUc(Q) =Q3U7(Q)

Proof. We summon the axiom of choice to pick a representative from each equivalence class of
points [z] € (5% — P)/ ~ . Define that set to be

X = {z | = is a representative of [z]}.

Since X contains a point from each equivalence class, we can re-apply all rotations to z € X to
generate all the elements back. If we do this for all z, we generate S? — P once again if we note
that (o, 7) acts freely on S% — P.

(o) (X) = | | (o,7)(2) = 8* = P

zeX

The claim follows from the paradoxical decomposition 1.4 of (o, 7) with Q; = G;. O
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Let us now deal with the problematic poles P.

Lemma 2.6. There exists a rotation ¢ such that for all n > 1 we have that ¢"(P) NP = ¢.
Hence, o™ (D) N @™ (D) = ¢ for distinct m,n.

Proof. We use the remark from 2.3. Choose an axis of rotation [ that does not intersect P.
Thus, no rotation of | will fix a point in P. Next, choose a random pair (p,q) € P x P of which
there are countably many, and consider rotations around ! which take p to q. It turns out we
can find countably many, since p, ¢ must be on the same plane orthogonal to [. If there are only
countably many rotations ¢ around ! such that ©™(D) N D # ¢, then we can choose ¢ around [
such that ¢"(p) # ¢ for all (p,q) € D x D. The second statement immediately follows. (I

Proposition 2.7. Let D be a countable subset of S?. Then
S? =% U,

such that
S?— P =%, Up(%:)

for some ¢ € (o, T).

Proof. By 2.6 we can choose ¢ such that

Y= PUpP)UQ*(P)U... ; %1:=5%-3%,
thus concluding the proof. O
Remark. Applying ¢ to Xg precisely yields X9 — P. Infinity is cool. O

Using the machinery developed in the Hausdorff paradox 2.5 and 3.3, we conclude that

Corollary 2.8. There exists a partition
SZ=T;U---UTg

and rotations p1,...,ps such that

8

$? = mm) = [mr)

i=5

Proof. Simple algebra. Note that we can write

1. 82 =(S%2-%) U3,

2. PCYy = S?2-3,=(52-P)N(5%-3%,)

3. 9(82) =% — P = Sy =¢ (S —P)=¢ 1 ((S? - P)N%y) De Morgan’s Law
Next, for X the set of representatives [z], define

Xo=W()X) X1 =W HX) X,=W(NX) Xpm=W(T (1)

Then,

41 (X )UX, 1 =852 P

42 o Y(X,)UX, 1 =82 P

by the paradoxical decomposition. We additionally use the following identities,
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TTHX ) UX, 1) N (52 =) = (77H(X7) N (S? = 5a)) U (X1 N (52— 5y))
T X)) N (S =) =77 H (X N 7(S% - 5))

7o (XD UK, ) N) = o7t ((FHE) N B) U (X, N3) ) =

8. =plo T_l(X-,— N T(Eg)) U (p_l(XT—l N Eg)
and make the following choices.

'y = (XT)ﬂ(S2 —22) Iy =X, ﬂ(S2—22) I's :XTﬂT(EQ) I'y=X,-1NXs

This yields
S2 =1 (8% — %)UY,

2 (($2— P)n(s? - 22)) U,

(
_3 ((52 ~P)N(S% - 22)) Ug? ((52 —-P)n 22).

=41 (774X, U X, 1) N (% — 22)) Ut ((T—l(XT) UX,.-1)N 22)

-8 (7—1(1“1) U 1“2) u (@‘1 o M X NT(Z)) U N (XN 22)>

:T_l(rl)HFQU(p_IOT_l(Fg)HQD_l(F4). (1)
Note that we could have proceeded similarly with 4.2 (o) instead of 4.1 (1),

F5 = (XU)Q(SQ—ZQ) FG :Xo—l 0(52—22) F7:X700(22) FgZXU—l ﬂZQ

with
o' (T5)Ulg U oo 1(Tr) U™ !(Ty). (2)

The proof concludes with (1), (2), and the simple observation that all T'; are disjoint. (]

By this construction, we (almost) have the Banach-Tarski paradox. We address this statement
in more detail in the following section.
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3 The Unit Ball B?
31 S?to B?

Indeed, we have constructed a paradoxical decomposition of S2. Note, however, that our goal is
to transfer it to the whole unit ball B3. This itself proves to be a simple task.

Definition 3.1 (The Unit Ball). Define
BY = {z e R | [|ofl < 1)
to be the unit ball in R?, with || - || the Euclidean norm.
The punctured ball B2 — {0} is thought of as the product of the sphere S? and the interval (0, 1].
Lemma 3.2. There exists a paradozical decomposition of B3 — {0}.

Proof. This builds upon the work demonstrated in 2.8. Similar to I';, define
I={rxeB*-{0}|3peli,re(0,1] z=rp}

and therefore )

B3 — {0} = |_| pi(T)) = | | ps(T}).

i=5
This concludes the argument. (]

Remark. A good visual image is to think of the extension of points on the boundary to the origin.
This is the ”fiber” of the ball B3, and if the surface is decomposed paradoxically then we can
clearly extend that to B3 (without the origin).

3.2 Why We Need 8 Partitions

A is simply amendable detail is that we are still missing the origin point.
Proposition 3.3. There ezists a decomposition of B> such that
B* = By U B,

such that
B?® — {0} = B, UO(By)

for some 0 € (o, T).

Proof. We shall use a simple trick as in 3.3 to shift the origin and its orbits. Convince yourself
that we can find a rotation 6 such that 6™(0) € B? for all n > 0. Then, choose

By =0U0(0)UH*0)U...; By =DB*—By

then the claim holds. O
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Up next, the main result of this paper.

Theorem 3.4 (The Banach-Tarski Paradox). There exists a decomposition of B® such that

16
B® = |_| pi(As)
i=1
such that
8 16
B = | | pi(hi) = || pi(A)
i=1 i=9
for p; € (o,7).
Proof. First, By = 6~'((B* — {0}) N Bz). We then write
B3 = (B® — By)UB,y = ((33 —onn Bl> Lot ((33 — N Bg).
We then use B® — {0} = 7} (T))UT, U tor H(T%) LU 1Y) to get that
B =([r (T uTy U™ o r () U™ (T)
wo () Uty e o (T L™ (T)

]
]

— (T nr(B] L [T N B b o Ty o m(BY)] Uy [T N (8]
[

And now finally we can see the decomposition. We can define
A =T N7(By) Ay =T,N By As =T45Npor(By) Ay =T, Ne(By)
As; =T1 N7(By) A¢ =T%N By A7 =T5NgpoT(Bs) As =T Np(Bs)
to be the first copy of B3. By the exact same argument for 7 we can proceed for o with
Ag =T5No(By) Ao =TGN By A =T7Npoo(B1) Az =T5Np(B1)
Az =T No(Bs) Ay =T{N By Ais =T Npoo(Bs) A =T5Np(Bs)

and one can verify that all claims of the theorem hold! O

10
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4 Closing Words

4.1 Note on Non-measurability

The Banach-Tarski theorem is a classical example of a non-measurable set. In 2.4, we partitioned
the sphere into equivalence classes of points in the same orbit. Using the Axiom of Choice, we
constructed (The Hausdorff Paradox, 2.5)

X = {z | = is a representative of [z]}.

that is a non-measurable set. Recall our earlier discussion:

Since X contains a point from each equivalence class, we can re-apply all rotations to x € X
to generate all the elements back. If we do this for all x, we generate S*> — P once again.

(o, (X) = | | (o)) = =P
rzeX
To see this, we attempt to assign a measure to e.g. S? — P. We write
P —P=|on@) = || rX) = wsS*-P)=p( || X))
zEX re(o,r) re(o,T)

A measure i should be rotation invariant, i.e. rotating a piece should not change its size. Further,
the measure of two pieces (disjoint sets) should be their sum. Therefore, we get that

WS =Py =p( || rX)=n( || X)= > wx).
re(o,T) re(o,T) re(o,T)
We cannot assign a measure to X. Recall that card({(c, 7)) = Rg. We have two options.

X =0 = S2=0
PN 50 = 8225, oy (X)) =

The second sequence diverges, as we must add u(X) for every rotation r € (o, 7); of which there
are infinitely many. We see that both options are not at all viable.

Therefore the Banach-Tarski theorem must divide B3 into non-measurable sets. Otherwise, any
attempt to assign a measure to pu(X) immediately implies that the volume of two balls is the
same as the volume of one.

4.2 Axiom of Choice and Criticism

This result has received a lot of criticism in the mathematical world. For instance, Emile Borel
considered the Banach—Tarski a reductio ad abdsurdum of the Axiom of Choice by the construc-
tion we just saw. The reality is, however, that the statement is true and not paradoxical at all.

Briefly, what Banach and Tarski are trying to tell us is that if, and we emphasize the if, you can
divide a ball in such an infinite pathological construction, then indeed the theorem holds. The
theorem is logically consistent, as the necessary condition shall never be satisfied for our physical
space, which is far from having a structure similar to R®.

This features a significant property of the continuum, that is: dividing a spatial region into

disjoint pieces need not preserve volume. We need to rather accustom ourselves to the notion of
infinity, and refine our intuition to the natural consequences of it. This concludes the paper.

11
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